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Abstract. A simple procedure for restoring the constants in physical equations 
is introduced by a consistent consideration of the correspondence between the 
symbols representing physical quantities and pairs formed by numerical values and 
unit symbols. This procedure is applied to the very used unit systems stressing 
also the direct relations between the atomic, natural systems and SI. 



To be submitted to Europ. J. Phys. 

A frequent procedure for obtaining simple calculations consists in setting some 
fundamental constants equal to unity. Sometimes, from physical interpretation 
reasons, it is necessary to restore these constants in the physical equations and in 
their solutions. This is just the point less treated in the textbooks (see for example 
There are some general theoretical expositions in the literature on this problem 
|3] but here we adopt a practical point of view trying to give some simple notation 
and prescriptions for restoring the constants in any expression. Illustrations for the 
very used unit systems as the atomic and natural ones are presented. Certainly, 
such notation and prescriptions are almost everyday discovered and rediscovered by 
professors and students teaching or learning physics. The present note, not claimed 
as an original one, is intended as a didactic teaching aid for the beginners in physics. 

Let us an unit system labeled by a. A physical quantity X is specified in the 
given system by the correspondence X — > {Xa,Xa} where the first element of the 
pair is a number and the second one symbolizes the unit used for measuring X. By the 
same rule we can write Xa — > {Xap, Xp} relating the units of X from two systems 
a and /3 such that 




(1) 



}-{ 



XaXafjXp, 




one obtains the simple and natural relation X^qXq,^ — 1. 
Let a physical equation written in the a-system as 
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For passing to the /3-systeni, we write 

Fi-^ (XW<\...,4")4"J)=0 

such that the rule for obtaining the equation written in the /3-systeni is given by 

. . . = F^P) (Xf\ . . . ,4")) = 0. (2) 

The following examples are the most encountered in the physics literature. 

1) The atomic unit system {a = a) is introduced by the following values of 
electron's mass and charge and of the reduced Planck's constant: 

(me), = 1, (e), = 1, (h)^ = 1. (3) 

Considering the relation between this system and the Gauss unit system (cgsG: 
a = G), these equations introduce the atomic units of mass, action and electric 
charge which, expressed in cgsG units, are represented by MaO = (™e)(3 , Sao = 
{K)q , QaG — {g)g ■ From the equations (|3J) we can write 

{7n,)^MGa = 1, {e)lMGaL%,T^l = 1, [h)^ MaaLl^T^l = 1 
resulting the well known cgsG expressions of the atomic units as 



1 , , I f \ I f \ 

MaG = Tl— = i^e)G , iaG - = ^ , = — - (4) 

LaG being the Bohr radius expressed in cgs units. The unit of the velocity w, the value 
of the vacuum light speed and the energy unit are given by 

W^aG = = MaGLlaT-^ = ^ (= 2 (%) J . 

For passing to Heaviside-Lorentz unit system (a = H), it suffices to give the 
relation between the electric charge units and Qq: from Coulomb's law written 
for the same charges and distances in the two unit systems we have F — Q^/r^ = 
Qfj/inr'^ and, using equation iQJ, Qa — QhQhg, one obtains Qhg — I/a/^tt- 

We may pass from the atomic system to the SI one (a — I) via the cgsG system 
by well known relations. Alternatively, one may define the atomic unit system starting 
from SI by writing equations © with the SI numerical values for rue, e, h and with the 
substitutions G — > /. Because there are four basic units in SI | we can impose still 
another condition. From Coulomb's law, F = Q'^ /Aneor'^ , one sees that a reasonable 
condition is 

(47reo), = l: in ieo)j M~^'LJ^'tIqI = 1. (5) 
The SI version of equations furnishes the atomic units for mass and electric charge 

Mai ^l/Mia = {me)j, Q al = I / Q la = (e) j . (6) 

Considering also equation Q, one obtains the atomic units for length and time: 

Lai = -f— = ( — -T ) (= (Bohr's radius) , Tai = ^ = ( ) (7) 
Lia \mee^Jj Tia \meelJ J 

X We consider only the mechanical and electromagnetic units 
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where eg = e/^/Aneo- These resuhs are obtained from equations Q by using the 
SI- numerical values for constants and by the substitution e — *■ cq. 

It is easy to see that (/io)a = (4'''/''^)a ^'^'^ Maxwell's equations in these atomic 
units are written as 

The same procedure is applicable to the units of velocity and energy and for the 
vacuum light speed. For many applications are useful the relations for the units of 
electric charge and current densities, electric and magnetic fields and electromagnetic 
potentials: 

Pla = ( ] JIa = ( ] Ela = ( 

5. = ff) i^.. <^.. = , . (^^) (9) 

given as an exercise for the reader. It is also interesting to see how the equations 
(O, and lO are used for restoring the constants in Maxwell's equations ((SJ and 
obtaining the corresponding SI equations. 

Let a simple example for the restoration of constants in the expression of the 
electromagnetic energy density. The energy density associated with equations (jHJ is 
{w)^ — {E"^ + c^B'^)^ /Sir. Applying equation ((2Jl, 

Using the values given by equations O and lO, after simplifying the common factors 
we obtain the SI expression of the energy density w = {sqE'^ + B"^ / pq)/2. 

2) The natural system of units (a = n) is defined by the following values of the 
reduced Planck's constant and of the vacuum light speed: 

i^)n = ^^ W„ = l- (10) 

These equations introduce directly the natural units of action and velocity expressed, 
for example, in cgsG units, as SnG = {K)g^ '^nO — {c)g- Expressing the equations 
l(Tn)l in CgsG system, one obtains 

Concerning the fundamental units of mass, length and time, one of these units may 
be chosen arbitrary and, usually, this is the length unit chosen as the Compton length 
of the electron: LnG = {^/^ec)Q ■ From these definitions one obtains§ 

LnG = ih/meC)^ , TnG = {h/rUeC^)^ , M„G = {me)^ . (12) 

The natural unit of electric charge is obtained requiring the same formulation of 
Coulomb's law in cgsG and natural systems. We can write, using equation 

Fq = Qg^G^ ^ FnFnG QlRn^QlG^nG 

and, because Fn — Q\/Rn, 

Q„G = V^(M^, (e)„= (e/V^)^«l/Vl37, (13) 

§ Equivalently we may chose the natural unit of mass as the electron mass. 
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We can write also the following useful relations: 

PnG = (yhcmlc^/h^^ , jnG = W^PnG, E^G = (yhcmlc^/k^ 
BnG = EnG, = (Tl/TOeC)^ E„G , A^G = ^ nG ■ (14) 

If equations are written in SI units one obtains the natural values 

M„/, L„/, Tni by the same procedure as in the case of cgsG: 



{h/mec)j , Tni = {h/mec'^)j , M„/ = (me) 



/ • 



As in the atomic unit system case, we require (47r£o)„ = 1 resulting (/io)„ — 47r. 
Considering Coulomb's law, required to be expressed in natural units as F = Q^/r^, 

one obtains Q^j — {ATreahc)j and for the electron charge (e)„ — (^eo/Vhcj as in 

equation 

We can also derive the SI values of the units for the electric charge and current 
densities, electric and magnetic fields and electromagnetic potentials: 

Pni = (^V^T^Vhcmlc^ /h^^ ^ , jni = {c) j Pni , Eni = (yKcrnlc^ / y/Ane^h^^ ^ , 
Bni = (l/c)j Er,i, $„/ = {n/mec)i E„I, A,,! = il/c)i $„/ (15) 
Let us, as an example, the Dirac equation for a charged particle in an external 
electromagnetic field written in natural units (^id — qA — rrij 'ijj{x) — 0, (A^) — 
($, A). Passing to the cgsG or SI units, a = G or a = /, we write 

(^id ~ qA~ riij ^ =0 — > 

j^d - Qa„ q [7°$$a„ - 7 • AAc^n] - mMc^n \ = 0. 

For a = G, using equations (|14(l one obtains the Dirac equation in cgsG units 
(^ihd — {q/c)A — mc^ ip — 0, (A^) = (<I>, A) and, for a = I, the same equation in 

SI units (^ihd -qA-mc^tP^ 0, (A^ = ($/c. A). 
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